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Lecture 24*. Automata, Grammars, and Languages: Introduction and Basic 
Concepts  

 
Reading:  
Chapter 16, “Basic Concepts [of Languages, Grammars, and Automata]”, PtMW, 431-452. 

Homework: Homework 24 is ON THE WEB, not in the book! I’ll also hand out copies in 
class. In the part of the website that has answers to homeworks, what’s under “Homework 24” 
is actually the homework itself, not the answers! (Answers will be added afterwards.) 

Erratum to PtMW p. 464: the single state q0 in Figure 17-5 a) is a final state as well as an 
initial state, and should therefore be drawn with a double circle, not a single circle. 
 (This concerns Wednesday’s reading, not Monday’s, but fix it now. More generally, be 
sure to consult the errata posted on the web.) 

This is a minimal handout, and at the same time probably too long to cover entirely. The 
material is spelled out nicely and explicitly in the textbook. We’ll do basic concepts including 
trees today; we won’t finish all the part about trees in class but you can read the rest in the 
handout and in the text. Then next week we’ll move on to finite automata, regular languages, 
and Type 3 grammars. We’ll move fairly quickly; it helps that we already had quite a lot of 
discussion of finite and infinite languages at the end of Unit I. 
 
1.  Languages, grammars, automata: basic concepts. (Chapter 16) 
 
Strings: We already have the concept of a (finite) string over an alphabet A. We will always 
assume that the set A is finite, and that we are only concerned with strings of finite length. 
The alphabet is sometimes called V. 
 
The fundamental operation by which strings are formed is the binary operation of 
concatenation, which is just juxtaposition. If we concatenate the string abc with the string 
bbb, in that order, the result is the string abcbbb. Concatenation is sometimes written with a 
special symbol ∩ (see textbook and blackboard), and sometimes written with no operation 
symbol at all, just using juxtaposition to represent itself.  
 
Concatenation is associative. It is not in general commutative. (That is, it does not obey the 
commutative law, or commutativity axiom, although in certain examples it might 
“accidentally” happen that αβ = βα.) The empty string is written e, and it forms an identity 
element for concatenation. 
 
Given an alphabet A, the set of all strings over A (including e) is called A*. A*, with the 
operation of concatenation, is a monoid. (Why? Review the axioms for monoids!)  
 
A handy aside (which occurs in various examples): the unary operation “reversal” on strings: 
xR. 
Informally, we can say that xR  is just x written backwards. So, for instance, (abccd)R = dccba. 
The reversal of e is just e, and the reversal of any one-symbol string such as b is just b.  

                                                 
* Lecture 23 was the Boolean algebra lecture, for which the handout was the chapter from Partee 1978. 

  Ling 409 Lecture Notes, Partee, Lecture 24 
  November 23, 2005 
 

 2 

 
 The reversal operation is defined recursively on p. 433, as follows: 
Definition 16.1.  Given an alphabet A: 

 
(1) If x is a string of length 0, then xR = x. (i.e. eR = e.) 
 
(2) If x is a string of length k+1, then it is of the form wa, where w ∈  A* and a ∈  A; then 
xR= (wa)R = awR. 

 
A good induction exercise: prove by mathematical induction on the length of strings that for 
all strings x and y, (x ∩ y)R  = yR  ∩ xR . This is question 3 of Homework 24 for next time.  
 
Working with strings, we also make use of the notion of substring. Every string is trivially a 
substring of itself --  non-identical substrings are called proper substrings. An initial substring 
is sometimes called a prefix and a final substring a suffix.                           
 
 
Def.  (Used in “formal language theory”) A language (over a vocabulary A) is any subset of 
A*. 
 What is the cardinality of A*? What is the cardinality of the set of all languages over A? 
 The set of formal devices we will consider for characterizing languages, namely formal 
grammars and automata, form denumerably infinite classes. So there are languages without 
grammars.  (Why does that follow?) 
 
16.2 Grammars. 
A formal grammar (and this is what we will normally mean by “grammar”) is very much like 
a system of axioms and rules of inference, except that since a formal grammar is intended to 
simply generate a set of strings (a “language”), the axioms are not “interpreted” and we do not 
have any semantic side of the formal system. Nevertheless we can think of a formal grammar 
very much as if it were a deductive system, and the sentences of the generated language as its 
“theorems”.  
 Typically a formal grammar contains just one axiom, the string consisting of the initial 
symbol (usually S), and a finite number of rules of the form ψ → ω, where ψ and ω are 
strings, and the interpretation of a rule is the following: wherever ψ occurs as a substring of 
any given string, it may be replaced by ω to yield a new string. 
 Example: suppose a grammar contains the rule DP → Det NP. Then we could derive from 
the string DP V DP any of the following (by one or two applications of the rule): 
 DP V Det NP ; Det NP V DP;  Det NP V Det NP. 
 
Grammars use two alphabets, a terminal alphabet and a non-terminal alphabet, which are 
normally required to be disjoint. The “output” of the grammar, which is the language it 
generates, is a set of strings of (over) the terminal alphabet. Intermediate strings that occur in 
derivations (“proofs”) may contain symbols from both sets. The initial symbol or start symbol 
S is a non-terminal symbol.  
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Example: 
(16-4)  VT (the terminal alphabet) = {a,b} 
   VN (the non-terminal alphabet) = {S, A, B} 
   Initial symbol: S 
 
   R (the set of rules): 
     S → ABS 
     S → e 
     AB → BA 
     BA → AB 
     A → a 
     B → b 
 
This sample grammar follows the common notational convention of using lower case letters 
for terminal symbols and upper case for non-terminals. 

A derivation (one of many) of the string abba by this grammar: 

S 
ABS 
ABABS 
ABAB  (because this is the same as ABABe) 
ABBA 
ABbA 
aBbA 
abbA 
abba 
 
Another way of writing a derivation is to write S ⇒ ABS ⇒ ABABS ⇒ … . 
 

This sequence is called a derivation (of abba from S), and the string abba is said to be 
generated by the grammar.  
 

The set of all strings generated by a grammar G is the language generated by the grammar G. 
 

A formal definition of a grammar as a formal system (a quadruple <VT, VN, S, R>) is given 
on page 436.  
 
16.3 Trees.  
Some grammars, unlike the one in the last example in the previous section which included the 
permutation rules AB → BA and BA → AB, are restricted so that a rule can only rewrite a 
single non-terminal symbol (so that each rule must have the form ϕAψ → ϕωψ (“context-
sensitive grammars”), or even more restricted so that each rule must have the form A → ω 
(“context-free grammars”)). In that case it is possible to construe grammars as generating not 
simply strings but also constituent structure trees or phrase structure trees. An example is 
shown below. Such tree diagrams represent three sorts of information about the syntactic 
structure of a sentence: (1) hierarchical grouping of parts of the sentence into constituents 
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(constituent structure); (2) the grammatical type of each constituent, indicated by the node 
labels, and (3) the left-to-right order of the constituents (linear order).  
 

Figure 16-1         S 
        3 
       NP    VP 
      3 3 
     Det    N V   NP 
     !    ! !  3 
     Poss  sister found Det   N 
     !       !   ! 
     my       Art  unicorn 
            ! 
            a 
 

The tree diagram is composed of nodes (points), some of which are connected to other nodes 
by branches (lines). Trees may be labeled or unlabeled; the tree above is labeled, meaning 
that each node has associated with it a label, which is some element of VN or VT. 
 A tree diagram is usually written with the initial symbol labeling the top, or root, node, 
and terminal symbols labeling the bottom, or terminal, nodes. In general, non-terminal nodes 
are labeled with elements of VN, and terminal nodes are labeled with elements of VT.  The 
branches are conventionally understood as ordered, extending from an upper node to lower 
nodes.  
 
16.3.1. Dominance. A node x dominates a node y if there is a connected sequence of 
branches extending from x [downward] to y. By convention, we usually say that a node also 
dominates itself. We can represent the dominance relation in a tree as a set of ordered pairs 
<x,y>. Is the dominance relation transitive? Symmetric? Antisymmetric? It’s reflexive by the 
convention just mentioned. 
 According to the answers to those questions (if we’ve answered them right!), the relation 
of dominance constitutes a weak partial ordering of the nodes of a tree. 
 

 Note that we haven’t given any notation to indicate the nodes themselves; the labels won’t do 
for that purpose, since two different nodes may have the same label. One common technique 
for giving unique names or identifiers (not labels) to the nodes of a tree is illustrated below: 
 
Figure 16-1              1 
        3 
       1.1    1.2 
        3  3 
       1.11   1.12   1.21   1.22 
     !     !  !  3 
      1.111   1.121 1.211  1.221    1.222 
     !       !   ! 
      1.1111       1.2211   1.2221 
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 If x dominates y, and x and y are distinct, and there is no node z distinct from x and y such 
that x dominates z and z dominates y, then x immediately dominates y. The terms mother, 
daughter, sister are defined in terms of immediate dominance in ways that you can 
undoubtedly figure out if you imagine a tree as a family tree showing only the females. A 
node which is minimal in the dominance relation [what does that mean?] is called a root. 
Linguists (but not all mathematicians) normally require a tree to have just one root. Maximal 
elements are called leaves or terminal nodes.  
 
The Single Root Condition: In every well-formed constituent structure tree, there is exactly 
one node that dominates every node. 
 
16.3.2. Precedence.  
Two nodes are ordered in the left-to-right direction iff they are not ordered by dominance. 
The left-to-right ordering relation is called the precedence relation, and is also a set of 
ordered pairs <x,y>. We ensure that any two nodes x,y are ordered by the precedence relation 
iff they are not ordered by the dominance relation by the following condition: 
 
The Exclusivity Condition: In any well-formed constituent structure tree, for any nodes x, y, 
x and y stand in the precedence relation P, i.e., either <x,y> ∈  P or <y,x> ∈  P, iff x and y do 
not stand in the dominance relation D, i.e. neither <x,y> ∈  D nor <y,x> ∈  D. 
 
Is precedence transitive? Reflexive? Symmetrical?  
 Result: precedence is a strict partial order on the nodes of the tree.  
 
How do we make sure branches can’t cross? 
 
The Nontangling condition: In any well-formed constituent structure tree, for any nodes x 
and y, if x precedes y, then all nodes dominated by x precede all nodes dominated by y.  
 
16.3.3. Labeling 
 
To complete the characterization of trees, we must consider the labeling of nodes. We already 
saw that two distinct nodes may have the same label. But each node must have exactly one 
label. So labeling is a function. The labeling function L has as its domain the set of nodes in 
the tree and whose range is some set; in syntactic trees, the range is the set of terminal and 
non-terminal symbols. The function is in general an into function. 
 
Summary definition of axiomatic characterization of labeled constituent structure trees: 
 
Definition 16.6. A constituent structure tree is an ordered quintuple <N, Q, D, P, L>, where 
 N is a finite set, the set of nodes 
 Q is a finite set, the set of labels 
 D is a weak partial order on N × N, the dominance relation 
 P is a strict partial order on N × N, the precedence relation 
 L is a function from N into Q, the labeling function 
and such that the following conditions hold:  
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(1) Single root condition: 
  (∃ x ∈  N)(∀ y ∈  N) <x,y> ∈  D 
 
(2) Exclusivity condition 
  (∀ x,y ∈  N)((<x,y> ∈  P ∨  <y,x> ∈  P) ↔ (<x,y> ∉  D & <y,x> ∉  D)) 
 
(3) Nontangling condition. 
  (∀ w,x,y,z ∈  N)((<w,x> ∈  P & <w,y> ∈  D & <x,z> ∈  D) → <y,x> ∈  P) 
 
Theorems and further definitions (see pp 442-4) 
 
Theorem16.1.  Given a tree T = <N, Q, D, P, L>, every pair of sister nodes is ordered by P. 
 
Theorem 16.2. Given a tree T = <N, Q, D, P, L>, the leaves are totally ordered by P. 
 
Definition 16.7:  Given a tree T = <N, Q, D, P, L>, a node x belongs to a node y iff: 
 (1) x ≠ y 
 (2) <y, x> ∈  D 
 (3) <y, S> ∈  L 
 (4) ~ (∃ w ∈  N)(<w,S> ∈  L & w ≠ y & w ≠ z & <y,w> ∈  D & <w,x> ∈  D) 
Check how this applies to tree 16-4 below.  
 
We will abbreviate x belongs to y as B<x,y>. [Note: this is not a standard notion; it is defined 
so that it only applies if y is an S-node. It’s really a way of saying that x belongs to the clause 
rooted in y, and makes it easier to define the (standard) notion of clausemate in the next 
definition.] 
 
Definition 16.8: clausemate  Given a tree T = <N, Q, D, P, L>, nodes x and y are clause mates 
iff: <x,y>  ∉  D & <y,x>  ∉  D & (∃ z ∈  N)(<x,z> ∈  B & <y,z> ∈  B). 
  
Definition: A node x is said to command a node y if neither dominates the other and x belongs 
to a node z that dominates y. [Equivalently: if neither dominates the other and the first S node 
above x dominates y.] Technical definition: see Definition 16.9 below. 
 
Definition 16.9: command.  Given a tree T = <N, Q, D, P, L>, node x commands node y iff: 
<x,y>  ∉  D & <y,x>  ∉  D & (∃ z ∈  N)(<x,z> ∈  B & <z,y> ∈  D). 
 
One can prove that two nodes are clausemates iff each commands the other. 
 
Definition (not in the book): A node x is said to c-command a node y if neither dominates the 
other and the first branching node above x dominates y.  
 
C-command is similar to command, but instead of looking up to the first S node above x, we 
look up to the first branching node no matter what its label. 
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Tree (16-4)    S       What belongs to what?  
    qp    What commands what? 
    NP      VP    What c-commands what? 
    !    wo 
    N    V     NP 
    !    !     ! 
      Fred      thinks    S 
          qp 

          NP      VP 
          !    wo 
          N    V     NP 
          !    !     ! 
             John      hates     him 
 
 
 
16.4 Grammars and trees. 
 
If a grammar has only rules of the form A → ψ, where A is a nonterminal symbol, there is a 
natural and uniform way to associate application of such rules with the generation of a tree. 
For example, if we have the rule A → aBc, we can associate it with the (sub)tree in Fig (16-
5): 
 
6-5)       A 
     9 
     a   B      c 
 
If the grammar also contains the rule B → ba, then we can apply the rule at the node labeled B 
in tree (16-5) to produce tree (16-6) 
 
(16-6)        A 
     9 
     a   B      c 
        2 
        b    a 
 
The yield of tree (16-6) is the string abac; the yield of tree (16-5) is the string aBc. 
 
 
Definition 16.10:  A grammar generates a tree τ iff all of the following hold: 
 
(i) The root of τ is labeled with the initial symbol of the grammar. 
 
(ii) The yield of τ is a string of terminal symbols. 
 

  Ling 409 Lecture Notes, Partee, Lecture 24 
  November 23, 2005 
 

 8 

(iii)  For each subtree of the form  A  in the tree, where A immediately dominates 
         5 
         α1 … αn 
α1, …, αn, there is a rule in the grammar A →  α1 … αn. 
 
 
[Blackboard: Sample grammars and sample trees that they generate. In PtMW, see pp 445-6.] 
 
We speak of a grammar generating trees, and also of a grammar generating strings. We can 
further say that a string is generated by a grammar if it is the yield of some tree generated by 
that grammar. (So a generated string must be a string of terminals, because of clause (ii) in 
Definition 16.10.) The language generated by a grammar is (as usual) the set of all strings 
generated by the grammar.  
 
A more advanced topic which we will not discuss: the relation between trees as diagrams of 
derivational histories and trees related to grammars by node admissibility conditions. For 
context-free grammars, where all rules are of the form A → ψ, the two perspectives give 
equivalent results. But for context-sensitive grammars, with rules of the form αAβ → αψβ, 
the two perspectives are not equivalent. But we will not discuss context-sensitive grammars 
except very briefly when we later discuss the Chomsky hierarchy. 
 


