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Lecture 14: Natural Deduction in Predicate Logic 
 

Read: Section 7.4 “Natural Deduction”, pp. 152 – 163.  
Also read Sections 7.6, “Formal and informal proofs” and 7.7, “Informal style in 
mathematical proofs”, although we won’t go over those sections in class. Main thing to 
remember about those sections: although proofs in mathematics are normally just as 
rigorous as any logical proofs, they are not usually written in a fully explicit step-by-step 
style. How much is written down and how much is left implicit depends very much on 
the nature of the intended audience: one wants the proof to be clear and convincing but 
not any more detailed than necessary. 
 
Homework 14: Exercises 8b,c only. NOT 11a,c.  
 When you do 8 b,c, you are free to use the Quantifier Laws as well as the rules of 
Natural Deduction. It will probably be easiest if you represent premises of the form “No 
A’s are B’s” as formulas headed by a universal quantifier: (∀ x)(A(x) → ~B(x)) .  
 
Natural deduction:  We already looked at natural deduction in statement logic, and you 
have had some practice in writing down proofs of a given conclusion starting from a 
given set of premises. Natural deduction in predicate logic builds on natural deduction in 
statement logic; what’s new in predicate logic are deduction rules relating to the 
quantifiers.  
 
There are just four new rules, of which two are very straightforward and two may seem 
slightly mysterious because of the conditions that are attached to their application.  
 
[I’ll make a remark about what’s most important to learn for this course, reiterating the 
difference between this course and a standard logic course. Bottom line for test 
preparation: I won’t require you to master the restrictions on the use of the two 
“mysterious” rules.] 
 
First the two straightforward rules of inference: 
 
Universal Instantiation (U.I.): 
 From a premise  (∀ x)ϕ(x) 
 We may conclude ϕ(c) 
where c is an individual constant, and ϕ(c) is the result of substituting c for every free 
occurrence of x in ϕ(x). 
 
Example: We use U.I. to demonstrate the validity of the very first argument from section 
5.1:   
(5-1)  All men are mortal. 
 Socrates is a man. 
 Therefore, Socrates is mortal. 
 
This argument was symbolized in (5-3): 
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(5-3) (∀ x)(H(x) → M(x)) 

H(s)____________  
∴ M(s) 

 
For the proof, all we need is the law U.I. of predicate logic, plus the law Modus Ponens 
of statement logic. 
(7-25) 1. (∀ x)(H(x) → M(x)) 

2. H(s)  
3. H(s) → M(s)  1, U.I.  
4. M(s)    2, 3, M.P. 

 
 
One feature of this proof is general to proofs in predicate logic: In order to apply rules of 
statement logic, we have to “get rid of” the quantifiers in the premises by some valid 
rules. If the conclusion we’re after is itself quantified, we need rules that will let us insert 
quantifiers appropriately. The most understandable and straightforward such rule is the 
rule of Existential Generalization (E.G.). 
 
 
Existential Generalization (E.G.): 
 From a premise ϕ(c)  
 We may conclude (∃ x)ϕ(x) 
where c is any individual constant, and ϕ(c) is the result of substituting c for every free 
occurrence of x in ϕ(x).  
 
Note on the formulation above: although ϕ(c) comes before (∃ x)ϕ(x) in the proof, it’s 
easiest to give an accurate statement about the relation between the forms of the two 
statements in terms of ‘deriving’ ϕ(c) from ϕ(x), because it’s always permissible to have 
additional occurrences of c in ϕ(c) unrelated to any occurrences of x in ϕ(x), but not 
always vice versa. [This is a technical point that is necessary for accuracy, but which I 
hope it will be safe to ignore in the exercises.] 
 
Example: From the same premises we had in (5-1), prove that someone is mortal. The 
proof below is a slight variant on (7-29). 
 
 1. (∀ x)(H(x) → M(x)) 

2. H(s)  
3. H(s) → M(s)  1, U.I.  
4. M(s)    2, 3, M.P. 
5. (∃ x) M(x)   4, E.G. 

 
You should have a basic understanding of those two principles, UI and EG. 
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 The two more restricted principles, U.G. and E.I. 

 
Universal Generalization (U.G.) 
 
Universal Generalization (U.G.): 
 From a premise ϕ(v) [with special restrictions on v, a special “arbitrary constant”] 
 We may conclude (∀ x)ϕ(x)  
where ϕ(v) is the result of substituting v for every free occurrence of x in ϕ(x). 
 
Existential Instantiation (E.I.) 
 
Existential Instantiation (E.I.): 
 From a premise (∃ x)ϕ(x)  
 We may conclude ϕ(w) 
where w is a special “restricted constant” that has not been used before in the proof, and 
ϕ(w) is the result of substituting w for every free occurrence of x in ϕ(x).  
 
 
The restrictions on these two rules UG and EI are not self-evident, but they are necessary 
in order to block the derivation of invalid conclusions such as that in (7-34): 
 
(7-34) Some cats are vicious. 

Some dogs are vicious. 
 ∴ Some cats are dogs. 
 
(See the invalid proof (7-33) that would seem to be possible if we didn’t have the 
restriction against reusing the same constant in different applications of E.I.) 
 
There are further conditions relating to EI: Since it is not true that any arbitrary constant 
will be a “true” instance of an existential statement, we cannot apply UG to the 
“restricted constants” w that are introduced via EI. Otherwise we would be able to 
construct a proof with premise “Some cat is black” to conclusion “Every cat is black.”  
 
If we have extra time today: 
 
Review more about the Quantifier Laws and Prenex Normal Form. 
Go over questions from the last homework, or any other homeworks. 
Any other questions.  


