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Lecture 13: Quantifier Laws1 
 

1. Laws of Quantifier Negation 
 
There are a number of equivalences based on the set-theoretic semantics of predicate logic. 
Take for instance a statement of the form (∃ x)~ φ(x)2. It asserts that there is at least one 
individual d which makes ~φ(x) true. That means that d makes ϕ(x) false. That, in turn, 
means that (∀ x) φ(x) is false, which means that ~(∀ x) φ(x) is true. The same reasoning  
can be applied in the reverse direction and the result is the first quantifier law: 
 
(1)  Laws of Quantifier Negation 
 Law 1: ~(∀ x) φ(x) ⇐ ⇒ (∃ x)~ φ(x) 
 
(Possible English correspondents: Not everyone passed the test and Someone did not pass 
the test.) 
 
Because of the Law of Double Negation (~~ϕ(x)  ⇐ ⇒ ϕ(x)), Law 1 could also be written 
as follows: 
 
 
(2) Law 1’: (∀ x) φ(x)  ⇐ ⇒ ~(∃ x)~ φ(x) 

Law 1’’: ~(∀ x)~ φ(x) ⇐ ⇒ (∃ x) φ(x) 
Law 1’’’: (∀ x)~ φ(x) ⇐ ⇒ ~(∃ x) φ(x) 

 
2. Laws of Quantifier Distribution 
 
The next group of laws will probably remind you of the Distributive Laws for “&” and “v” 
in Statement Logic. 
 
(3) Law 2: (∀ x) (ψ(x) & φ(x)) ⇐ ⇒ (∀ x) ψ(x) & (∀ x)φ(x)  
 
The left side of Law 2 is true iff every individual in the domain of discourse makes both 
ϕ(x) and φ(x) true. The right side is true iff every individual makes ϕ(x) true and every 
individual makes φ(x) true. Those are equivalent statements. 
 
(4) Law 3: (∃ x) (ψ(x) v φ(x)) ⇐ ⇒ (∃ x) ψ(x) v (∃ x)φ(x) 
 
The left side of this law is true iff there is at least one individual that makes either ϕ(x) or 
φ(x) (or both) true. The right side is true iff there is at least one individual that makes ϕ(x) 

                                                 
1 Thanks to Luis Alonso-Ovalle for preparing the previous version of  this handout in consultation with me in 
2003. 
2 As in the book, we write ‘ϕ(x)’ for any formula which contains at least one free instance of the 
variable ‘x’, e.g.: H(x), L(x,x), (∀ y)L(x,y), … 
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true or there is at least one individual that makes φ(x) true (or both). Those are also 
equivalent statements. 
 
Laws 2 and 3 suggest a fundamental connection between universal quantification and 
conjunction and existential quantification and disjunction: 
 
(∀ x) ψ(x) is true iff ψ(a) and ψ(b) and ψ(c) … (where a, b, c … are the names of the 
individuals in the domain.) 
 

(∃ x) ψ(x) is true iff ψ(a) or ψ(b) or ψ c) … (where a, b, c … are the names of the 
individuals in the domain.) 
 
From that point of view, Law 1 resembles a generalized DeMorgan’s Law: 
 

(4) ~(ϕ(a) & ϕ(b) & ϕ(c) … ) ⇐ ⇒ ~ϕ(a) v ~ϕ(b) v ϕ(c) … 
 
(5) Law 4: (∀ x) ψ(x) v (∀ x)φ(x) ⇒ (∀ x)( ψ(x) v φ(x)) 
(6) Law 5: (∃ x)( ψ(x) & φ(x)) ⇒ (∃ x) ψ(x) & (∃ x)φ(x) 
 

These two laws are one-way entailments, NOT equivalences. In each case the statement on 
the left-hand side is stronger than the statement on the right-hand side. The first entails the 
second, but the second does not entail the first.  
 
3. Laws  of Quantifier (In)Dependence 
 
The next group of laws pertains to the linear order of quantifiers in doubly quantified 
statements: 
 
(7) Law 6: (∀ x)(∀ y) ψ(x,y) ⇐ ⇒ (∀ y)(∀ x) ψ(x,y) 
(8) Law 7: (∃ x)(∃ y) ψ(x,y) ⇐ ⇒ (∃ y)(∃ x) ψ(x,y) 
 
We have seen that reversing the order of existential and universal quantifiers produces a 
non-equivalent statement. The following one-way logical implication holds: 
 
(9) Law 8: (∃ x)(∀ y) ψ(x,y) ⇒ (∀ y)(∃ x) ψ(x,y) 
 
If there is someone who loves everyone, then everyone is loved by someone. (But if 
everyone loves someone it does not necessarily follow that there is one guy that everyone 
loves: each person could love a different one!). 
 
 
Alphabetic changes of variables. Sometimes it is necessary to make an alphabetic change 
of variable when applying these particular laws to particular closed formulas. E,g,: 
(∀ x)F(x) & (∀ y)G(y) is not of the correct form to be converted to (∀ x)(F(x)&G(x)) by 
Law 2. But (∀ y)G(y) can be replaced by the equivalent formula (∀ x)G(x). 
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An alphabetic change of variable is permissible if: 
(a) the same letter is substituted for every occurrence of the letter being replaced, 

and 
(b)  the replacements do not change the overall binding configurations of the 

formulas. 
 
Here you have an example of alphabetic variants of a formula: (11) is an alphabetic variant 
of (10).  
 
(10) (∀ x)((∀ z)F(x,z)  (∃ y)H(y,x)) 
(11) (∀ x)((∀ y)F(x,y)  (∃ y)H(y,x)) 
 
4. Laws of Quantifier Movement and Prenex Normal Forms. 
 
Sometimes  it is convenient to move all quantifier symbols to the left of the formula. The 
following laws tell you when a quantifier prefix can be moved preserving the truth value: 
 
(12) Law 9: (ϕ  (∀ x) ψ(x)) ⇐ ⇒ (∀ x)( ϕ  ψ(x)) 

provided that x is not free in ϕ 
(13) Law 10: (ϕ  (∃ x) ψ(x)) ⇐ ⇒ (∃ x)( ϕ  ψ(x)) 

provided that x is not free in ϕ 
(14) Law 11: (∀ x) ϕ(x)  ψ ⇐ ⇒ (∃ x)( ϕ(x)  ψ) 

provided that x is not free in ψ 
(15) Law 12: (∃ x) ϕ(x)  ψ ⇐ ⇒ (∀ x)( ϕ(x)  ψ) 

provided that x is not free in ψ 
 
 
Laws 9 – 12 can be used to find the Prenex Normal Form  of any formula (an equivalent 
formula, possibly an alphabetic variant, in which all quantifiers occur initially, preceding a 
quantifier-free matrix). For instance, (16) can be transformed into its prenex normal form 
by first applying Law 9 (17) and then Law 12 (18) (and dropping square brackets (19)): 
 
(16) (∃ x)F(x)  (∀ y)G(y) 
(17) (∀ y)[(∃ x)F(x)  G(y)] 
(18) (∀ y)[(∀ x)F(x)  G(y)] 
(19) (∀ y)(∀ x)(F(x)  G(y)) 
 
Given any formula, we can bring it into prenex normal form by the following procedure: 
 

(1) atomic formulas are already in PNF. 
(2) If ψ is equivalent to ψ’ which is in PNF, then (∀ x) ψ is equivalent to (∀ x) ψ’ 

which is in PNF. 
(3) If ψ is equivalent to ψ’ which is in PNF, then ~ψ is equivalent to ~ψ’. If ψ’ 

contains quantifiers, apply Law 1 to ~ψ’ to obtain a PNF. 

  Ling 409 lecture notes, Lecture 13 
  October 19, 2005 

 4 

If the formula is of the form ψ  φ , the procedure is more complex. Assume we have the 
PNF’s ψ’,φ’ ,which are equivalent to ψ,φ, respectively. Convert to alphabetic variants to 
make sure that any variable which occurs bound by a quantifier in either ψ’ or φ’ does not 
occur at all in the other. Then we may use the quantifier movement rules to obtain a PNF 
equivalent to ψ’  φ’. 

About prenex normal form: it can sometimes be useful for proving theorems, but it can 
also be “dangerous” because it makes formulas harder to read and understand. For 
understanding what a formula says, it is always better to have each quantifier as close as 
possible to the variables it binds, i.e. for each quantifier to have as small a scope as 
possible. Treat it as an interesting curiosity; but if your interest is in natural language 
semantics or the “logic of natural language”, then avoid it! 

Some additional laws of quantifier movement. 
These are not in the book, but they are very similar to Laws 9-12 and at least as useful. I 
think these are easier to understand. Laws 11 and 12 above are not very intuitive. It’s easier 
to understand why they are true if you make use of the definition of → in terms of negation 
and disjunction, and then use Laws 15 and 16 below (and commutativity) and the laws of 
Quantifier Negation.  

 
(20) Law 13: (ϕ & (∀ x) ψ(x)) ⇐ ⇒ (∀ x)( ϕ & ψ(x)) 

provided that x is not free in ϕ 
(21) Law 14: (ϕ & (∃ x) ψ(x)) ⇐ ⇒ (∃ x)( ϕ & ψ(x)) 

provided that x is not free in ϕ 
(22) Law 15: (ϕ ∨  (∀ x) ψ(x)) ⇐ ⇒ (∀ x)( ϕ ∨  ψ(x)) 

provided that x is not free in ϕ 
(23) Law 16: (ϕ ∨  (∃ x) ψ(x)) ⇐ ⇒ (∃ x)( ϕ ∨  ψ(x)) 

provided that x is not free in ϕ 
 

The homework exercises will give you practice using the quantifier laws to figure out 
whether two formulas are equivalent. Mostly it’s a just a matter of being careful and 
methodical. If you have any puzzlement about any of the problems, let me know (that offer 
always applies.)  


