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Lecture 3: Chapter 2.  Relations and Functions

Much of mathematics can be built up from set theory – this was a project which was
carried out by philosophers, logicians, and mathematicians largely in the first half of the
20th century. Whitehead and Russell were among the pioneers, with their great work
Principia Mathematica. Defining mathematical notions on the basis of set theory does
not add anything “mathematical”, and is not of particular interest to the “working
mathematician”, but it is of great interest for the foundations of mathematics, showing
how little needs to be assumed as “primitive”.

We will illustrate some bits of that project in the rest of Unit I.

2.1. Ordered pairs and Cartesian products

As we see, there is no order imposed on the elements of a set. To describe functions
and relations we will need the notion of an ordered pair, written <a,b>, for example, in
which a is considered the first member (element) and b is the second member (element)
of the pair. So, in general, <a,b> ≠ < b,a >.   (Whereas for a set, {a,b} = {b,a}.)

Is there a way to define ordered pairs in terms of sets? You might think not, since sets
are themselves unordered. But there are in fact various ways it can be done. Here is one
way to do it, usually considered the most conventional:

The ordered pair can be defined as follows:

Definition: <a,b> =def {{a}, {a,b}}

How can we be sure that that definition does the job it’s supposed to do? What’s crucial is that for
every ordered pair, there is indeed exactly one corresponding set of the form {{a}, {a,b}}, and
two different ordered pairs always have two different corresponding sets. We won’t try to prove
that that holds, but it does.

There would be nothing wrong with taking the notion of ordered pair as another
primitive notion, alongside the notion of set. But mathematicians like seeing how far they
can reduce the number of primitives, and it’s an interesting discovery to see that the
notion of order can be defined in terms of set theory.

Cartesian product.  Suppose we have two sets A and B and we form ordered pairs by
taking an element of A as the first member of the pair and an element of B as the second
member. The Cartesian product of A and B, written A ¥ B, is the set consisting of all such
pairs. The predicate notation defines it as:

A ¥ B =def  {<x,y> x Œ A  and  y Œ B}

What happens if either A or B is ∅?  Suppose A = {a,b}. What is A ¥ ∅?
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Here are some examples of Cartesian products:

Let K = {a,b,c} and L = {1,2}, then

K ¥ L =  {<a,1>,<a,2>,<b,1>,<b,2>,<c,1>,<c,2>}
L ¥ K   =  {<1,a>,<2,a>,<1,b>,<2,b>,<1,c>,<2,c>}
L ¥ L   =   {<1,1>,<1,2>,<2,1>,<2,2>}

An aside on cardinality, and why Cartesian products are called products (the “Cartesian”
part comes from the name of René Descartes, their inventor). Look at the cardinalities of
the sets above, and see if you can figure out in general what the cardinality of the set A ¥
B will be, given the cardinalities of sets A and B.

What about ordered triples? The definition of ordered pairs can be extended to ordered
triples and in general to ordered n-tuples for any natural n. For example, ordered triples
are usually defined as:

<a,b,c> =def <<a,b>,c>

And for three sets A, B and C the Cartesian product can be defined as
A ¥ B ¥ C =def  ((A ¥ B) ¥ C)

In the case when A = B = C  = … a special notation is used: A ¥ A = A2,  A ¥ A ¥ A = A3,
etc. And we put A1 =def  A.  (This notation mimics the notation used for multiplication and
exponents. It can, because the parallels hold quite uniformly.)

2.2. Relations

In natural language relations are a kind of links existing between objects. Examples:
‘mother of’, ‘neighbor of’, “part of”, ‘is older than’, ‘is an ancestor of’, ‘is a subset of’,
etc. These are binary relations. Formally we will define relations between elements of
sets.

We may write Rab  or  aRb for “a bears R to b”. And when we formalize relations as
sets of ordered pairs of elements, we will officially write <a,b> Œ R.

If A and B are any sets and R Õ A ¥ B, we call R a binary relation from A to B or a
binary relation between A and B. A relation R Õ A ¥ A is called a relation in or on A.
The set dom R  = {a<a,b> Œ R for some b} is called the domain of the relation R and
the set range R  =  {b<a,b> Œ R for some a} is called the range of the relation R.

We may visually represent a relation R  between two sets A and  B  by arrows in a
diagram displaying the members of both sets. In Figure 2-1 in PtMW [Partee, ter Meulen,
and Wall],  A = {a.b}, B = {c,d,e}, and the arrows represent a set-theoretic relation R  =
{<a,d>,<a,e>, <b,c>}.   

[see Fig 2-1, p. 29.]
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Let us consider some operations on relations. The complement of a relation
R Õ  A ¥ B is defined as

R’ =def  (A ¥ B) – R.

Note that what the complement of a relation is depends on what universe we are
considering. A given relation may certainly be a subset of more than one Cartesian
product, and its complement will differ according to what Cartesian product we are
taking to be the relevant universe.

What is the complement of the relation in figure 2-1?

The inverse of a relation R Õ A ¥ B is defined as the relation R–1 Õ  B ¥ A,
 R–1 =def  {<b,a><a,b> Œ R}.  Note that (R–1)-1 = R.

For example, for the relation R represented in Figure 2-1
 R’ = {<a,c>,<b,d>,<b,e>} and R–1 = {<d,a>,<e,a>,<c,b>}.

More examples:  Let N be the set of natural numbers, {0, 1, 2, 3, 4, ... }
    Let R be “is less than” on N (i.e., on N ¥ N )

Then  what is R’?
What is R-1?

We have focused so far on binary relations, i.e., sets of ordered pairs. In a similar way
we could define ternary, quaternary or just n-place relations consisting respectively of
ordered triples, quadruples or n-tuples. A unary relation R on a set A is just a subset of
the set A.

2.3. Functions

Examples of functions:  f(x) = x2 + 1
f(x) = the mother of x

Intuitively a function may be thought of as a “process” or as a correspondence.

A function is generally represented in set-theoretic terms as a special kind of relation.

Definition: A relation F from A to B is a function from A to B if and only if it meets
both of the following conditions:

1. Each element in the domain of F is paired with just one element in the range, i.e., from
<a,b> Œ F and <a,c> Œ F follows that b = c.

2. The domain of F is equal to A, domF = A.



Ling 409, Partee lecture notes, Lecture 3
September 8, 2003   p.4

Equivalent definition: A function is a subset R of A ¥ B such that each element of A
occurs as the first member of exactly one ordered pair in R.

For example, consider the sets A = {a.b} and B = {1,2,3}. The following relations from A
to B are functions from A to B:

P = {<a,1>,<b,1>}
Q = {<a,2>,<b,3>}

The following relations from A to B are not functions from A to B:

S = {<a,1>}
T = {<a,2>,<b,1>,<b,3>}

S does not satisfy the condition 2, and T fails to meet condition 1. S is a function on the
smaller domain {a}; T is not a function at all.

Much of the terminology used in talking about functions is the same as that for
relations. We say that a function with domain A and range a subset of B is a function from
A to B, while one in A ¥ A is said to be a function in or on A. The notation
‘F: A Æ B’ is used for ‘F is a function from A to B’. Elements of the domain of a function
are called arguments and their correspondents in the range, values. If <a,b> Œ F, the
familiar notation F(a) = b is used. ‘Map’, ‘mapping’ are commonly used synonyms for
‘function’. A function maps each argument onto a corresponding value. A function F: An

Æ A is also called an n-ary operation in A.

Functions as processes. Sometimes functions are considered in a different way, as
processes, something like devices or boxes with inputs and outputs. We put the argument
in the input and get the value of the function in output. In this case the set of ordered pairs
in our definition is called the graph of the function.

Sometimes partial functions are considered. In this case the condition 2 in our
definition can fail.

Some terminology. Functions from A to B in the general case are said to be into B. If the
range of the function equals B, then the function is onto B (or surjection). A function
F: A Æ B is called one-to-one function (or injection) just in case no member of B is
assigned to more than one member of A (so if a≠ b, then F(a)≠ F(b)). A function which is
both one-to-one and onto is called a one-to-one correspondence (or bijection). It is easy
to see that if a function F is one-to-one correspondence, then the relation F–1 is a function
and one-to-one correspondence.

In Figure 2-2 three functions are indicated by the same sort of diagrams we
introduced previously for relations. It is easy to see that functions F and G are onto but H
is not.

[See PtMW, p. 32, Fig.2-2]
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One useful class of functions are characteristic functions of sets. The characteristic function of a
set S, considered as a subset of some larger domain D, is defined as follows:

FS :  D  Æ  {0,1} :  FS (x) = 1 iff x Œ  S
 FS (x) = 0 otherwise

There is a one-to-one correspondence between sets and their characteristic functions. In
semantics, where it is common to follow Frege in viewing much of semantic composition as
carried out by function-argument application, it is often convenient to work with the characteristic
functions of sets rather than with sets directly. Characteristic functions are used in many other
applications as well.

2.4. Function composition

Given two functions F: A Æ B and G: B Æ C, we may form a new function from A to C,

called the composition of F and G, written G° F. Function composition is defined as

G° F =def  {<x,z>for some y,<x,y> Œ F and <y,z> Œ G }

Figure 2-3 shows two functions F and G and their composition.

[See PtMW, p. 33, Fig.2-3]

The function F: A Æ A such that F = {<x,x>x Œ A} is called the identity function on A,
written idA (or 1A).  Given a function F: A Æ B that is a one-to-one correspondence, we
have the following equations:   

F–1
° F = idA,   

F° F
–1 =  what? [if we don’t get this far in class, the answer is in the book.]

The definition of composition need not be restricted to functions but can be applied to
relations in general. Given relations R Õ  A ¥ B and  S Õ  B ¥ C  the composite of R and

S, written  S° R =def  {<x,z>for some y, <x,y> Œ R and <y,z> Œ S }


