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I. INTRODUCTION 
 

The process by which atoms, molecules or particles form crystals after a temperature quench 
is important in many natural situations and applications but still the subject of active 
investigations [2-4].  The rate of crystallization is limited by the early stages, known as 
nucleation, in which thermal fluctuations lead to small clusters of the new, crystalline phase.  
The classical nucleation theory assumes that small clusters form with the same structure as the 
new phase but that the interfacial energy leads to a rate-limiting free-energy barrier and a 
minimum size for stable clusters [2-5].  This model was originally envisioned for nucleation of 
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liquid droplets in a gas phase, but is often extended to the case of solids nucleating in a gas or 
liquid phase.  By this mechanism, a small cluster having the structure of the new, crystalline 
phase forms spontaneously.  While this cluster is small, its free energy exceeds that of the initial 
phase because of an energy penalty at the cluster boundary (a surface energy term).  While most 
of these clusters minimize their free energy by breaking up, random collisions make a few 
clusters large enough that the change in bulk energy exceeds the change in surface energy, and 
the clusters can thenceforth minimize their free energy by growing.  In this model, the rate at 
which stable clusters are formed is then related to the probability that random fluctuations lead to 
a cluster of sufficient size: the rate is proportional to the exponential of the free-energy barrier. 
While it is plausible that the classical, single-step pathway might be the most rapid one, it is now 
known that this is not always the case.  In one alternative scenario, nucleation may occur by the 
sample’s passing through multiple states in order of decreasing free energy [3,6-8].  This 
proposed mechanism is most often referred to as Ostwald’s Rule of Stages, which proposes that a 
sequence of crystalline phases should appear on supercooling a fluid [6]. A beautiful example of 
Ostwald’s rule is shown by a recent high-resolution electron microscopy study of crystallization 
of LiFePO4 [9,10].  In other cases, however, nucleation of a solid phase might involve non-
crystalline phases, with either fluid or liquid-crystalline symmetry.  Moreover, how the nature of 
the interactions affects the nucleation dynamics is not well established. 

Crystallization of globular proteins is a critical step in finding protein structure and recent 
work on this topic has advanced our understanding of crystallization from a supercooled liquid or 
gas.  In 1997, ten Wolde and Frenkel described Monte Carlo computer simulations, in which 
globular proteins in solution were modeled as spheres having a hard-core repulsion and a short-
range attraction [7,11].  They showed that under these circumstances nucleation does not always 
proceed by a classical, single-step process.  Instead, in a narrow range of temperatures and 
concentrations, nucleation can proceed in 
two distinct steps.  In the simulations, 
droplets of a liquid phase, enriched in 
protein, appeared first.  At a cross-over 
size of approximately 200 particles, these 
liquid droplets then became crystalline.  
Until this point, the clusters would still 
most often break up because their size 
was below the critical value at which the 

 
Fig. 1.  Schematic illustrations of (top) the classical 
nucleation model and (bottom) two-step nucleation.    
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free energy reaches a peak, but thermal fluctuations led some clusters to grow beyond the critical 
size.  This two-step nucleation process is illustrated in Fig. 1.  More recent computer simulations 
[4,11-14] and theoretical models including density-functional theory, liquid-structure theory and 
kinetic models [15-20] have similarly predicted that two-step nucleation should occur.  Indeed 
density functional theory [19] and computer simulations [14,21] more recently predicted that 
two-step nucleation should also occur in the Lennard-Jones system.  Hence the phenomenon of 
two-step nucleation during crystallization might be quite common.    

For predicting crystallization rates, the two-step nucleation process is crucial because it 
significantly reduces the free-energy barrier, which causes an exponentially large enhancement 
of the rate of crystallization [11,19,20]. In some systems, the nucleation pathway might also 
affect the long-time behavior if the sample becomes trapped in one of the nucleation steps. (See, 
for example, references [22-25].) 

Despite the fact that phase transitions occur out of equilibrium and involve relatively small 
clusters of particles, properties of the bulk, equilibrium phase diagram are nonetheless 
informative [6,8].  A key distinction between atomic systems and globular proteins is the range 
of the attraction.  Many atomic systems (such as Ar) can be reasonably modeled by a Lennard-
Jones or similar interaction, in which particles strongly repel one another near contact and attract 
one another at longer distances, over a range that is comparable to the particle diameter.   By 
contrast, proteins (and the colloidal particles in our experiments) have a range of attraction that is 
much smaller than the particle size.  This distinction has a major effect on the equilibrium phase 
diagram in two- and three-dimensional systems.  An atomic (Lennard-Jones-like) system exhibits 
the three familiar phases: gas (g), 
liquid (l), and crystalline solid (s) (Fig. 
2(a)).  This diagram has the familiar g-

l critical point (•), triple temperature 

(⎯), and regions of two-phase 
coexistence.  For short-range attractive 
systems (Fig. 2(b)), there are only two 
phases: fluid and crystal.  Curiously, 
no g-l coexistence exists in 
equilibrium because the g-l binodal is 
superseded by the g-s binodal.  In Fig. 
2, the metastable g-l region is 

 
Figure 2.  Schematic phase diagrams for systems with isotropic 
hard-core repulsion and longer-range attraction. (a) When the 
range of attraction is comparable to the particle size (as in a 
Lennard-Jones system), the phase diagram has gas (g), liquid 
(l), and crystalline solid (s) phases, with regions of coexistence.  
The gray region denotes where g-l coexistence is metastable 
because the liquid is superseded by the crystal.  (b) For a short-
range attraction, only g and s remain and g-l coexistence and 
the critical point become metastable (gray).  (c) For an even 
shorter range of attraction (< 10% of particle diameter), a 
second solid phase (s1) appears aloing with a new s1-s2 critical 
point (Illustrations are closely adapted from D. Frenkel [1].) 
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indicated by the blue region.  Microscopically, the liquid’s metastability may be explained by the 
fact that when a crystal melts into a liquid, many short-range contacts are lost and the lost bond 
energy overwhelms the gain in entropy.  If the attraction is of long range, then many of these 
contacts persist in the liquid phase.  Experiments with colloidal particles with variable 
interactions support these predicted phase-diagram topologies [26].    

When a sample is cooled from gas (g) to the region of g-s coexistence, nucleation may be 
affected by the metastable g-l critical point and the metastable g-l spinodal region.  Near this 
region of parameter space, density fluctuations cost little energy (or minimize energy, in the 
spinodal region), and these fluctuations occur immediately on supercooling.  Crystallization is 
now more likely to occur in the dense regions, where the probability that random fluctuations 
lead to a large crystalline cluster is much larger.  In terms of the macroscopic phase diagram, the 
nucleating clusters pass through the metastable liquid phase on their way to the solid phase.  In 
the Lennard-Jones-type system, the g-l critical point lies well outside the l-s region but a 
supercooled sample still forms metastable liquid clusters before crystallizing [14,19,21]. 

When the attraction has a still shorter range (< 10% of the particle diameter), a new crystalline 
phase (s1) is predicted to appear with the same symmetry as the first solid but a higher 
concentration.  This new phase gives rise to another critical point, as shown in Fig. 2(c).  To our 
knowledge, this isostructural solid-solid coexistence (s1-s2) has not been experimentally 
observed, possibly because it requires a high concentration of monodisperse particles.  
Nonetheless, the existence of this second solid phase can affect the dynamics of freezing and 
melting, even in samples with concentrations well below the s1-s2 coexistence.  Cacciuto et al 
found in simulations that spheres with very short-range attractions nucleate first in the metastable 
s1 phase, then continuously evolve into the equilibrium s2 phase [27].    

Experimental studies of crystallization of globular proteins provide evidence of the role of the 
metastable liquid phase.  In protein solutions, crystallites nucleate within metastable liquid-phase 
droplets (glucose isomerase [28]) or evolve from metastable clusters (sickle-cell hemoglobin 
[29] or lysozyme [30]).  Moreover, the nucleation rate density in lysozyme solutions reaches a 
maximum near the metastable gas-liquid (g-l) boundary [31]; this is consistent with the 
prediction that two-step nucleation lowers the free-energy barrier.  These experiments suggest 
that two-step nucleation is occurring over a wide region of phase space (wider, in fact, than 
initially predicted [11,15] but consistent with more recent predictions of Lutsko and Nicolis 
[19]).  Owing to the small particle size, however, these experiments could not probe the evolving 
structure at the scale of individual particles and clusters.   
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Experiments with colloidal particles offer the opportunity to probe phase transitions with 
single-particle resolution and with tunable inter-particle interactions. This approach has been 
exploited for several years [3] to study melting with attractive or repulsive interactions [24,32-
36] and freezing of nearly-hard spheres [37,38].  Studies of colloidal particles in 2D that attract 
one another by electric-field-induced flow revealed two-step nucleation of crystallites within 
dense liquid droplets.  The interaction, however, was of long range and possibly dependent on 
cluster size, and the fluid flow might alter the dynamics [39].  Closer to the topic of this article, 
Hobbie probed freezing in colloids confined to two dimensions with short-range attraction and 
reported a two-step freezing process with amorphous clusters appearing first, and crystalline 
clusters later (when the area fraction was < 30%) [24].  At larger area fractions, the metastable 
amorphous phase was arrested.  The dynamics of the formation of these liquid-like clusters and 
their size distribution were analyzed by Smoluchowski dynamics.  In the present work, we 
evaluate cluster size distributions from a thermodynamic view and focus on the role of the liquid 
clusters in the crystallization process.   

In this article, we describe our experimental studies of two-dimensional crystallization of 
colloidal particles with a tunable short-range attractive interaction.  These experiments consist of 
‘supercooling’ samples via small temperature changes and monitoring the size and evolving 
symmetry of individual clusters.  Figure 3 shows an image of a gas-phase sample following a 
temperature quench.  Initially the sample is a supercooled, metastable gas of particles (Fig. 3a) 
but after a few minutes the sample has formed large numbers of hexagonally ordered crystallites 
(Fig. 3b).  These samples are polycrystalline and a slow process of coarsening continues for at 

 
Figure 3.  Image of a sample following a temperature ‘quench’ into the gas-crystal coexistence region.  (a) soon 
after the temperature change, the sample remains a metastable gas.  (b) After 30 minutes, the sample has formed 
several crystallites.  These crystallites subsequently undergo a slow process of growth.  The white features are 
polystyrene spheres with a diameter of 1.4 μm and an area fraction of 24%.  This article addresses the process by 
which crystallites such as these nucleate. 
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least several days.  Here we focus on the nucleation process – the rate-limiting events that occur 
between Fig. 3(a) and (b).  In previous publications [35,40], we reported evidence of two-step 
melting and nucleation in this system; here we provide a more detailed investigation.  From a 
statistical analysis of the size and crystallinity of clusters, we measure their free energies and 
identify which samples lie within the metastable g-l region.  We show that the nucleation process 
consists of a single step (as in classical nucleation theory) at the lowest and highest particle 
concentrations probed here (17% and 55%).  Over a range of intermediate densities, however, we 
observe two-step nucleation.  Our data indicate that the two-step process has a lower energy 
barrier because of the large energy of the crystal-gas interface.  We also find that samples cooled 
to within the metastable g-l coexistence region have a much higher nucleation rate density than 
do samples outside this region.  Taken together, the results are very nicely consistent with the 
previously predicted two-step, gas-liquid-solid process and indicate the region of the phase 
diagram in which this phenomenon occurs.  Remarkably, the process can be usefully described in 
terms of these macroscopic phases even when the clusters are as small as 10 particles.  Finally, 
in the concluding section of the article, we describe how these results may be relevant to 
crystallization in three dimensions and in systems with different forms of interaction. 
 

II. EXPERIMENTAL METHODS: SAMPLE PREPARATION AND IMAGING. 
 

We used video microscopy to track charge-stabilized spheres dispersed in Millipore-filtered 
water.  The experiments reported here used either of two types of particles, either polystyrene or 
silica.  The polystyrene spheres were purchased from Interfacial Dynamics (Portland, OR, USA). 

The average sphere radius, R, was 0.7 μm with a polydispersity of 3.5% of the mean, according 
to the manufacturer.  The silica particles were purchased from Polysciences, Inc. (Warrington, 

PA, USA) and had a diameter that was nominally 1.5 μm with a polydispersity of approximately 
3% of the mean.   

To induce a pair-wise attraction between particles and to confine the particles to a single 
layer, we take advantage of the “depletion” or “macromolecular crowding” effect (Fig. 4)  
[35,41-43].  To all of our samples we added the non-ionic surfactant, hexaethylene glycol 
monodocecyl ether (C12E6) at a concentration of approx. 4.4 × 10-2 M.  This surfactant forms 
micelles when the concentration exceeds the critical micelle concentration, which is 
approximately 8.7 × 10-5 M at 25 ºC.  The magnitude of the depletion interaction can be 

described in terms of the change of Helmholtz free energy (ΔFd) when two spheres move from 



Savage, Pei and Dinsmore, submitted (2010) 7 
 

far apart to contact: ΔFd/(kBT)  

−2πRRm(T)2cm(T), where Rm(T) is the 
micelle radius, and cm(T) is the 
concentration of micelles (not the critical 
micelle concentration) [35,40].  For the 
samples and temperatures described here, 
Rm(T) = 9-17 nm (measured with 
dynamic light scattering).  The 
concentration of added surfactant is not 
precisely known, however, because C12E6 
is hygroscopic and the concentration of 
the stock surfactant solution gradually 
changed over time. Even if the 

magnitude of ΔFd is not known, the key 
point for these experiments is that it can 
be varied by means of temperature.  For 
non-ionic surfactants such as C12E6, the critical micelle concentration decreases with increasing 
T [44], so that more of the surfactant molecules form micelles and cm increases.  In addition, 
Rm(T) increases with T [45].  By a combination of these effects, heating enhances the depletion 
interaction and causes crystallization.  It might seem surprising that samples are homogeneous 
fluids at low T and have crystals at higher T; the reason is simply that heating scarcely changes 

the thermal energy kBT, but it significantly strengthens ΔFd.  For the remainder of this article, we 
will refer to a temperature change that induces crystallization as a “supercooling”  into the gas-
solid coexistence region, even though it actually corresponds to a rising T. 

Samples were mixed, then injected into a glass chamber for viewing on the microscope.  A 
glass coverslip (# 1½) was used for the bottom surface for high-resolution imaging, and a 
standard glass slide was used for the top.  Careful cleaning of all glass pieces was important for 
reliable results.  Our cleaning procedure was to soak the glass for several hours in a mixture of 
concentrated sulfuric acid with “no-chromix” powder added (Sigma-Aldrich, cat. no. 328693).  
(Note: this procedure uses corrosive liquid and is hazardous.  A vented chemical hood, protective 
gear, and proper procedures should be used.)   Afterward, the glass was rinsed thoroughly in 
Millipore-filtered water and dried in an oven.  Epoxy was used to seal the coverslip to the slide, 

with a gap of approximately 250 μm and two holes remaining in the epoxy seal.  After the epoxy 

 
Figure 4. Illustration of the mechanism of depletion 
attraction.  The small particles (micelles, in the present case) 
apply an osmotic pressure on the surfaces of the larger 
spheres.  In the regions where the two spheres nearly touch 
one another or the flat surface, the centers of mass of the 
micelles are excluded. (These exclusion regions are shown 
by the lens-shaped features).  Because of these exclusion 
regions, the osmotic pressure of the micelles is imbalanced 
and a net pressure is applied as shown by the arrows.  The 
result is that spheres are attracted to the flat surface and to 
other nearby spheres.  The range of the interaction is set by 
the diameter of the micelles and the strength is set by their 
diameter and concentration. 
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had set, the sample was injected through one of the holes, after which the holes were sealed with 
epoxy. These samples typically lasted for several days without noticeable evaporation or leakage.   

In order to form crystals, we first formed a two-dimensional, weakly-interacting gas of 
spheres on the coverslip.  Because the mass density of the polystyrene particles (1.055 g/cm3) is 
slightly larger than water, the particles slowly sediment toward the coverslip.  The depletion 

attraction between each sphere and the flat surface is approximately 2×ΔFd  [35,43], so that the 
particles become bound to the coverslip but are still mobile in two dimensions.  Once all of the 
particles were bound to the coverslip, a second increase of T initiated nucleation and growth.  In 
samples composed of polystyrene spheres, we were unable to achieve a particle area fraction in 
excess of 34% without having many particles in a second layer.  To obtain higher area fractions 
we used silica spheres, taking advantage of the greater mass density of silica, which leads to a 

single layer with few second-layer particles even when η > 55%.   
Images were acquired at 30 s-1 using a Zeiss Axiovert 200 inverted optical microscope with a 

63× Plan-Neofluar oil-coupled objective (numerical aperture. = 1.4), a CCD video camera, an S-
VHS recorder and a frame grabber attached to a computer.  The microscope was placed on a 
mechanically isolated table to suppress vibrations.  A box made of 2-inch-thick rigid foam 
insulation surrounded the microscope.  Samples were heated with an objective heater (Zeiss 
Tempcontrol 37).  Data were acquired after enough time had passed for T to stabilize with 
temperature fluctuations approximately 0.1 oC.   

 
III. ANALYSIS OF IMAGES: PARTICLE COORDINATES, AREA FRACTION, 
CLUSTER SIZES, AND CRYSTALLINE ORDER. 

 
The positions of the particle centroids were measured by computer analysis of the images 

using routines written in IDL (ITT Visual Information Solutions, Boulder CO, USA) [46].  When 
imaging with visible light at high magnification, it is possible to measure the centroids of spheres 
with an uncertainty that is far smaller than the Rayleigh resolution limit [46-48], even as small as 
1 nm [49].  For the present experiments, the resolution of the particle-centroid-finding algorithm 
was tested by measuring the particles’ mean square displacement as a function of time, then 
extrapolating to zero time delay.  The random error in the centroid positions thus obtained was 

typically (〈Δx2〉 + 〈Δy2〉)½  = 47 nm.   
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For each sample studied, we define the area fraction of 

particles, η, as N ap/A (expressed as a percentage), where N 
is the counted number of particles, ap is the area of each 

particle (πR2) and A is the total area of the imaged region.  

In our samples, η ranged between 17% and 55%.  
To quantify the nucleation and growth of individual 

clusters, we use two parameters: one that measures only size 
and a second that measures only crystalline order.  A cluster 
is defined as the set of N particles that are contiguously 
bonded, where a “bond” exists between any two particles whose center-to-center distance is 
within a cutoff length [35].  This definition is particularly useful for studying phase transitions 
because it does not discriminate between highly ordered ‘crystalline’ particles and less ordered 
or ‘liquid-like’ particles.  For the polystyrene spheres (used for most of the samples discussed 
here) we chose a cutoff length of 1.53 µm.  This length is slightly longer than the range of the 

depletion attraction, 2(R+RS) ~ 1.43 μm; the longer cutoff length accounts for the random 
measurement error that would otherwise cause us to miss bonds.  While alterations of the value 
of the cutoff length slightly change the values of N, the trends in the data reported here are not 
altered.  The  sample with area fraction 55% was composed of silica spheres that are slightly 

larger than the polystyrene spheres, so we adjusted the cutoff length to 1.63 μm.  The number of 
particles in a cluster is defined as N 

Crystallinity of clusters was quantified using the standard bond orientational order parameter, 

ψ6.  Following the established convention, we define for each particle (labeled by the index j) 

|ψ6(j)|2 ≡ (1/Zj)|Σk exp[6iθjk]|2 where Zj is the number of bonds with the jth particle.  The sum 

extends over all bonded neighbors k, and θjk is the angle between the j-k bond and the x-axis (see 
Fig. 5).  By computing the modulus, the result for |ψ6|2 is independent of the choice of reference 
axis.  With this definition, any particle whose bonds have perfect triangular symmetry has |ψ6|2 = 
1.0, even if Z < 6.  By contrast. particles with random bond angles have |ψ6|2 approaching 0.  

Particles that have Z = 1 are considered non-crystalline and ψ6 ≡ 0 for these cases.   
To characterize the crystallinity of clusters, we compute the average |ψ6|2 for all particles 

within the cluster; we label this parameter 〈|ψ6|2〉.  〈|ψ6|2〉av(N) is defined as 〈|ψ6|2〉 averaged over 
all clusters of size N in the sample.   

 
IV. RESULTS 

 
 

Figure 5. Illustration of the definition 
of the bond orientational order 
parameter ψ6(j).  Here, the jth particle 
has 4 neighbors.   
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 In this section, we describe the results of our experiments with colloidal particles.  We 
begin in part IV.A with a description of the samples in the first minutes following supercooling, 
during which time we find many liquid-like clusters throughout the samples.  We compare these 
clusters to the sub-population of clusters that eventually become stable crystallites.  In part IV.B, 
we describe measurements of the free energy as a function of cluster size.  This analysis 
indicates which samples lie within the metastable g-l coexistence region and provides estimates 
of the line tension of the g-l and g-s interfaces.  In IV.C, we describe time-averaged images 
which indicate liquid-cluster formation in low-concentration samples and gas-bubble formation 
in high-concentration samples.  In IV.D, we describe the nucleation rate density and its 
dependence on the sample’s location in the phase diagram.     
 
IV.A. Single-step and two-step nucleation of crystallites 

 
For an extended period of time following supercooling, our samples contained a large number 

of disordered clusters with a wide range of sizes.  Fig. 3(a) shows an image of the sample with η 
= 24%.  In this case, more than a third of the particles were incorporated into clusters of N > 1. 
These clusters varied widely in size, from N = 2 to N > 50. The particles in these clusters were 
mobile and rapidly exchanged neighbors with a 
characteristic timescale of several seconds.  In most 
samples, the clusters themselves typically survived 
for a period of a few tens of seconds before 
spontaneously breaking up into much smaller 
clusters and monomers.  (In the two most strongly 

supercooled samples, with η = 28.5% and 34%, the 
clusters tended to grow rather than breaking up, as 
will be discussed below.)  The characteristic 
lifetime of the clusters is considerable longer than 
the time required for an individual particle to 
diffuse a distance equal to its own diameter (R2/D ~ 
1.6 s), so that the clusters do not arise simply from 
random collisions but are instead held together by 

attractive interactions. In samples with η less than 

Figure 6.  Plot of the average crystallinity of 
clusters that appear after “supercooling” and 
prior to formation of stable crystallites.  The 
vertical axis shows the bond-orientational order 
parameter |ψ6|2 averaged over all particles in a 
cluster.  The plots show data for two samples 
with area fractions η = 17% and 30%.  
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approximately 34%, these clusters were distinct entities with much greater concentration than 
the background. 

Inspection of the image in Fig. 3(a) shows that these early-time clusters were disordered, 
lacking any discernible crystalline order.  The cluster-averaged bond-orientational order 

parameter, 〈|ψ6|2〉av is also relatively low, approximately 0.4 (Fig. 6).  By contrast, the crystallites 

that appear later have 〈|ψ6|2〉av ≈ 0.8, as will be shown below.  The data of Fig. 6 were acquired 
during the relatively early times after supercooling (typically within 200 s after the temperature 
had stabilized), prior to the formation of crystallites.  We verified that the distribution of cluster 

sizes and the values of 〈|ψ6|2〉av did not vary significantly over this time, so that the cluster 
statistics represent a steady-state property.   

Because of the fluid-like mobility within the clusters and the lack of bond-orientational order, 
we interpret these clusters as droplets of the liquid phase.  In most samples, these droplets were 
unstable, and rapidly vaporized; in other samples these droplets were metastable, eventually 
changing to crystalline clusters.  While the cluster size would appear to be too small to justify 
rigorously a continuum treatment, we find nonetheless that the stability of these clusters very 
nicely corresponds to the predicted properties of the bulk liquid phase.  

We now turn to the relatively small number of clusters that continued to grow in size and that 
eventually became stable crystallites.  These stable clusters were readily identified by the 
observation that once they formed, they persisted for the remainder of the experiment (approx. a 
half-hour or longer).   From our images, we identify these clusters once they become large and 
stable, then trace them backward in time to monitor their evolution.  This analysis allows us to 
focus exclusively on the pathway that leads to crystals.   

Figure 7 summarizes the distinction between the metastable clusters and those clusters that 
become large and stable.  In this plot, the diamonds ( ) show the clusters observed prior to the 
appearance of stable clusters (the same data as in Fig. 6, but now for five different samples).  The 
solid lines show the clusters that eventually grew to a size of 100 or greater and then continued 

growing.  At large N (or late time), all of these curves approach 〈|ψ6|2〉av > 0.8 and the clusters 
appear ordered to the eye (for example, see inset of Fig. 7(d)).  Moreover, the particles in these 
clusters maintain their neighbors for timescales that exceed the observation time (hours).  The 
finite size makes the question of their long-term translational order ill-defined (and in any case 
true long-range translational order does not exist in two dimensions [50] even though there is a 
first order phase transition [51]). We refer to these clusters as crystallites. 
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A key result of these studies is that the pathway to forming large, stable crystallites varies 

significantly depending on both η and depth of supercooling.  In the 17% sample, even small 

“successful” clusters had 〈|ψ6|2〉av > 0.7, even at small size (N < 10).  That is, these clusters were 
already structurally distinct from the amorphous clusters of the background, and already had the 
order characteristic of the late-stage crystallites.  This behavior is consistent with the classical 
nucleation theory, in which nucleation proceeds in a single step (see Fig. 1 (a)).   

At higher concentration, however, we find a different nucleation pathway.  In the sample with 

η = 30%, the growing clusters passed through two distinct stages of growth (Fig 7(d)).  In the 
first stage (N < 20), the clusters were liquid-like and indistinguishable from the metastable 
clusters in terms of crystalline order and the mobility of individual particles.  As N approached 

30 particles, there was a distinct increase in the value of 〈|ψ6|2〉av, with clusters becoming ordered 

when N > 30 (〈|ψ6|2〉av ~ 0.8).  This is a clear example of two-step nucleation.  Behavior 
intermediate between classical-nucleation-like and two-step were exhibited by a range of 
samples.   

 
Figure 7.  Plot of the average crystallinity of clusters that appeared in five supercooled samples with 
different particle area fraction, η. As in Fig. 6, diamonds show the data for all of the amorphous 
clusters that appeared prior to stable clusters.  The solid curves show the data for those clusters that 
grew to large size and persisted for the remainder of the experiment.   
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Might this two-step behavior be explained 
by wetting of the crystalline phase by a liquid?  
By this wetting mechanism, the interior of a 
cluster would be crystalline and the perimeter 
would contain disordered, liquid-like particles.  
At small N, these perimeter particles would 
comprise the majority of the cluster and cause 
it to appear disordered.  As clusters grow, the 
fraction of highly ordered particles would 

increase and 〈|ψ6|2〉av increase, even as the 
liquid-like layer remained.  To investigate the 
possibility of wetting, we identified particles 
as being “perimeter-like” if they had fewer than 6 bonds (Z < 6).  We then separately tracked the 
ordering of these particles.  Following our earlier convention in melting experiments [35], we 
find all particles j in each cluster with Z < 6. We then calculate the local orientational order 

parameter C6(j)  〈|(1/Zj )Σk ψ6(j) ψ6*(k)|2〉, where Σk refers to a sum over all neighbors (k) of j 

regardless of Zk.  We then calculate the cluster-averaged value of C6, which we term 〈C6〉. Figure 

8 shows 〈C6〉 as a function of cluster size N in successfully growing clusters, considering only 
those particles with Z < 6.  The sudden onset of order for the 30% sample occurs at N ~ 25-30, 
showing that ordering occurs for even “perimeter”-like and not just core particles having Z = 6.  
The disordered-to-order transition occurs throughout the cluster.  A similar result is seen in the 

sample with η =24% at a cross-over size of N ~ 20.  The samples with η = 17% and 18.5% had 

little or no cross-over in the 〈C6〉 parameter. 
 

IV.B The Free energy as a function of cluster size 
 

During the interval of time between supercooling and the formation of stable crystallites 
(often more than 100 s), the liquid-like clusters were highly dynamic, but in most cases the 
statistical distribution of cluster sizes and cluster-averaged |ψ6|2  were constant.  Figure 9 shows a 

plot of the mean cluster size 〈N〉 as a function of time in several different samples.  Most of the 

samples shown here (17%, 18.5%, 24%, and 30%) maintained an approximately constant 〈N〉 for 
the first 200 s.  We conclude that these systems underwent thermal fluctuations (clustering and 
break-up) about a steady state.  This implies that the distribution of cluster sizes follows the 

Figure 8.  Plot of the measured correlation of each 
particle’s bond-orientational order with its neighbors’ 
order, 〈C6〉,. This plot shows data only for particles 
that have fewer than 6 bonds (‘perimeter’-like 
particles).  In the samples with η = 24 and 30%, these 
particles suddenly become ordered when N reaches 
20-30.   
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Boltzmann distribution: the number of 

clusters of size N should be nN ∝exp(-

ΔF(N)/kBT ), where ΔF is the difference in 
Helmholtz free energy between N particles 
in the gas and a liquid cluster of size N.  
Since we can readily measure nN, we 

invert this formula to find ΔF(N)/kBT =  − 
ln(nN/n1), where n1 is the number of 
monomers (unbonded particles).  

(Normalization by n1 conveniently sets ΔF 
= 0 for a monomer.) 

Two samples – those with η = 28.5% and 34% – showed a continuous growth of 〈N〉 and 
a slight change in the cluster-size distribution over time.  In these cases, the clusters were not 

strictly growing and shrinking in steady state, so the assumption that ΔF(N)/kBT =  − ln(nN/n1) is 
not exact.  Nonetheless, we assume that because the overall nN changes slowly, the energy 
landscape also changes only slightly during the first 100 s of video.   

 Figure 10 shows a plot of −ln(nN/n1) vs. N for six samples.  These data correspond to the 
early stages of nucleation (typically the first 100 s), during which time there were no stable, 
growing clusters.  Hence these data describe the first step of nucleation: the formation of 
(metastable) liquid clusters.  As might be expected, these clusters have higher free energy than 

the gas (ΔF > 0), so that the great majority of them eventually evaporate.  
To interpret these results, we assume that these liquid clusters can be described by a 

simplified classical nucleation theory: ΔF = (Δμl-g)N + (ηc
½πΓl-g)N½.  Here, Δμl-g is the chemical 

potential of the liquid minus that of the gas.  The second term represents the interfacial energy of 

the liquid cluster; Γl-g is the line tension in units of kBT per sphere diameter and ηc is the area 

fraction of the particles in the cluster.  When Δμl-g > 0, this function monotonically rises so that 

liquid clusters would never be stable.  For Δμl-g < 0, the function would first rise, then decrease 
when N exceeds a critical size; this the typical scenario in classical nucleation.  In Fig. 10(a), we 
show the result of a best fit to the simplified classical-nucleation model, which shows good 

agreement with the data.  For clarity, we show the fit only for η = 30%; the best-fit parameters 

are Δμl-g = 0.04 ± 0.02 kBT .  To obtain estimates of the numerical values of the line tension, we 

simplify the analysis by assuming clusters were circular and ηc  = (3/π)2 = 0.91.  It should be 

 
Figure 9. Plot of the mean cluster size 〈N〉 vs. time.  The 
time t = 0 correspond to the start of the recording, where 
temperature reached a constant value.  
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noted, however, that these clusters are not always circular, and there is good evidence that 
classical nucleation in general would not lead to circular or spherical clusters [5] and the 

numerical value of Γl-g should therefore be interpreted with care.  By this best-fit analysis, the 

28.5% and 34% samples both had Γl-g = 0.48 kBT/diameter and Δμl-g = −0.06(1) kBT for t < 100 s. 

 To extract the sign of Δμl-g more directly, we also plot –ln(nN/n1)/N½  vs. N½ (Fig 10(b)).  

According to the classical model, the result should be a straight line with slope Δμl-g /kBT and y-

intercept ηc
½πΓ.  The data are consistent with this scaling for N larger than approximately 4.  

This plot shows clearly that the samples with η = 28.5% and 34% both have Δμl-g < 0, indicating 
that these particles lay inside the metastable g-l coexistence regions.  A sufficiently large liquid 
cluster would spontaneously grow, but the global stability of the liquid phase is superseded by 
the crystal phase once N is sufficiently large.   

By contrast, the samples with η = 17, 18.5, and 30% lay outside the g-l region (i.e., Δμl-g > 0).  
Most of these liquid clusters evaporated eventually as thermal fluctuations continually made new 

clusters.  The sample with η = 24% lay very close to the metastable g-l binodal (Δμl-g ≈ 0).   
 
IV.C Locating samples on the phase diagram. 

 
Further insight into the role of the metastable liquid phase is obtained by a coarse-grained 

view of the supercooled samples.  Samples with low η tended to have dense clusters in a dilute 
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Figure 10. (Left) Plot of the free energy vs. cluster size N for samples with different area fractions η and T.  
Since these samples maintained a steady-state distribution of cluster sizes, we assumed that the fluctuations 
followed the Boltzmann distribution and hence the vertical axis is the free energy of a cluster, in units of kBT.   
These clusters are disordered and therefore indicate the free energy of the liquid phase.  (Right) Rescaled plot, 
showing F/√N vs. √N.  By classical nucleation theory, F/√N = (Δμl-g)√N + a constant related to line tension.  The 
slope of the data indicates whether the sample lies within the metastable g-l coexistence region.        
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background, but the highest-η sample showed a structure more accurately described as dilute 
“voids,” akin to gas bubbles. To identify these structures more clearly, we first created images in 
which the particles were represented by white circles on a black background (using the particle 
positions known from image analysis), then calculated the time-average of these reconstructed 

images from t = 0 to t = 10 s.  In Fig. 11, we show these images for samples with η = 17%, 
28.5%, and 55%.   

At the lowest concentration, we find dense liquid clusters (white) surrounded by a dilute, gas-
like background (black).  As described previously, these clusters persisted for roughly several 
tens of seconds before breaking up into smaller clusters and monomers.  In the language of 
continuum thermodynamics, the clusters are unstable liquid droplets appearing spontaneously in 
the gas phase.  This behavior would be expected for a sample that lies outside the g-l binodal on 
the low-concentration side.   

In the strongly supercooled 28.5% sample, we find comparable areas of “cluster” and “void” 
regions.  In terms of continuum thermodynamics, this structure resembles the bicontinuous gas-
liquid structure characteristic of spinodal decomposition. (We point out, however, that we do not 
currently have sufficient statistics to establish this point without ambiguity.)  This type of 

morphology is consistent with our finding that (Δμl-g < 0), so that the sample was supercooled 
into the metastable g-l region.  These void regions persisted in time and coarsened as crystallites 
appeared.   

At the highest concentration studied here (η = 55%), the situation is reversed: here we find 
small, discrete voids in a concentrated liquid background.  The time-lapse movies show that 
these voids persisted for roughly 20 s before vanishing.  Again, this behavior can be described in 
the language of continuum thermodynamics as gas “bubbles” that are unstable with respect to the 
surrounding liquid phase.  The bubbles form, but rapidly vanish.  This behavior would be 

   
Figure 11.  Time-averaged images of three samples prior to formation of stable crystallites.  The images each 
averages of 10 s of video as described in the text; the white regions are particles and the black are voids.  (left) 
The cluster-in-gas structure is clearly visible at area fraction η = 17%.  (center) At η = 28.5%, the clusters and 
voids have nearly equal area fraction.  (right) At the relatively high are fraction, η = 55%, there are voids in a 
concentrated background.  The clusters at low η and the voids at high η persist for 10s of seconds.  



Savage, Pei and Dinsmore, submitted (2010) 17 
 

expected for a system that lies just outside the g-l binodal on the high-concentration side.  
(Alternatively, it is possible that this sample lay within the metastable g-l region but that the gas 
bubbles (voids) never reached the critical size before the sample crystallized.)  In this sample, 
crystallization can be viewed as classical nucleation of the crystal directly from the liquid phase.   

Following the classical nucleation model for the sample with η = 55%, we measured the 

distribution of crystalline clusters.  We began by calculating |ψ6|2 for each particle, then defined 

as “crystalline” those particles with |ψ6|2  ≥ 0.90. (This choice of cutoff value is justified by the 

fact that the distribution of  |ψ6|2 values in crystallizing samples typically has a sharp peak near 1; 
this peak is distinct from the broad background distribution.)  We then looked for contiguous 
clusters of these “crystalline” particles and defined the size of each cluster as Nc.  We defined nNc 
as the number of clusters of size Nc and then found the free energy of crystalline clusters from –
ln(nNc) (Fig. 12). The rescaled plot shows an approximate consistency with the classical 

nucleation model, ΔF = (Δμs-l )Nc + (ηc
½πΓs-l )Nc

½ with Δμs-l < 0.  From the extrapolated y-

intercept, we estimate the line tension as Γs-l  0.8 kBT/diameter.  Interestingly, this line tension 

is approximately 50% larger than Γl-g (Fig. 10).  We will return to this point in Section V.   
  
IV.D Measured Nucleation rates. 
 

Because the rate of nucleation is expected to depend exponentially on the free-energy barrier, 
it is usually the case that the rate should vary significantly.  To measure the nucleation rate 
density, we begin at the end of each of our videos and count the number of stable, persistent 
clusters. We then play the movie backward and count the number of such clusters at earlier 
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Figure 12.  (Left) Plot of the free energy vs. size of crystalline clusters, Nc.  for the sample with η = 
55%.  (Right) The same data, plotted as ΔF/√Nc vs √Nc.  The negative slope indicates that the chemical 
potential is lower in the crystalline phase than in the initial fluid phase.   
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times.  Our images show a sample area of 

1.37 × 104 μm2 
 so the data may be 

converted to density.   
In Fig. 13, we show the number of 

persistent clusters (which are all crystalline) 
as a function of time for seven samples with 

η ranging from 17% to 55%.   The 
nucleation rate density varied widely.  The 
most rapid nucleation occurred in the 28.5% 
sample, in which 60 stable crystallites 
appeared within the first 3 min.  The 34% 
sample contained 25 crystallites over the 

same time and area.  These are the two samples for which Δμl-g < 0, so it seems clear that the 
metastable gas-liquid region enhanced the nucleation rate.  By contrast, the other samples at 
contained at most 4 stable crystallites after 3 min, and some samples showed no stable 

crystallites for more than 5 min.  The rate is not simply related to η, since the most concentrated 
sample was one of the slowest ones.  Rather, it appears that proximity to the g-l coexistence 
region is the key factor, and the nucleation rate was enhanced by approximately an order of 
magnitude by entering the metastable g-l binodal. This result is consistent with simulations 
[11,12] and density-functional theory [15,19], which predict large enhancement of the 
crystallization rate near the metastable g-l critical point.  They are also broadly consistent with 
the experiments with proteins [31], which were done systematically as a function of T.  In our 
experiments, however, it is clear that two-step nucleation occurs even in samples that lay outside 

the metastable g-l coexistence region (e.g., η = 30%).  
For an overview of the relative roles of cluster size and crystalline symmetry of the 

“successful” clusters during their nucleation, we collected statistics of both the total cluster size 
N and the size of the crystalline part of the cluster, Nc. (As above, Nc is defined as the set of 

particles for which |ψ6|2 ≥ 0.9).  For this analysis, we measured a two-dimensional histogram, 
collecting the number of clusters (nN,Nc) with given N and Nc. The values N and Nc were 
measured for all successfully nucleating clusters in 10-s intervals.  We assume that the system 
undergoes fluctuations about a stationary free-energy function so that the logarithm of nN,Nc gives 
the (free energy)/kBT. (A similar kind of analysis was reported by ten Wolde and Frenkel for 
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Figure 13.  Plot of the number of observed stable 
(growing) crystallites in the full field of view as a 
function of time.    
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short-range interactions [11] and by  
Moroni et al to study nucleation in a 
Lennard-Jones liquid [52]). 

Figure 14 shows the free-energy plots 
measured from our data.  The data are 
noisy because of limited statistics 
(especially near the edges of the plotted 
data), but some important trends are 
nonetheless apparent.  To identify what 
would plausibly be the most likely 
nucleation pathway, we have drawn curves 

that follow the gradient in the ΔF.  For the 

sample with η = 17%, this pathway has a 
nearly steady slope that resembles the 
classical model: size increases along with 

order.  In the sample η = 30%, however, 
the clusters tend first to grow in size, then 
to become ordered.  A similar trend was 
reported for nucleation in short-range 
systems in three dimensions (by ten Wolde 
and Frenkel [11]).  Those authors found 
that near the metastable g-l critical point, a 
pre-critical liquid cluster developed 
crystalline order at a cross-over size of 
approximately 200 particles.  In the 
present experiments, the cross-over size 
has a maximum value of approximately 35 
in the 30% sample.  These sizes (200 in 3D and 35 in 2D) correspond to different spatial 
dimensions and different systems, and they need not be related.  Nonetheless, it may be 

significant that (200)2/3 ≈ 34, which implies that the radial length of a cluster is the same in these 
two systems.  Whether or not there exists a universal value of the cross-over cluster near the 
metastable g-l point, and the question of which parameters quantitatively determine this size are 
interesting topics of future research.   

 
Figure 14. Plots of the free energy, ΔF/kBT, of 
successfully nucleating clusters are shown as a function of 
N and Nc for four samples.  The black curves show 
contours of equal ΔF and the colored curves are drawn by 
eye to represent the most probable trajectory.  The 
classical-nucleation model would have N = Nc, which is 
indicated by the dashed line. 
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The free-energy contours also reveal the extent to which the classical nucleation theory would 
likely overestimate the nucleation rate density.  In the 30% sample, for instance, the classical 
pathway and the measured pathway probably differ by a few kBT (we lacked sufficient statistics 

to measure ΔF along the line N = Nc).  For the 34% sample, the difference is approximately 2.5 
kBT when N = 30, which would correspond to an enhancement of the nucleation rate by a factor 
of approximately e2.5 = 12. 
 
V. SUMMARY AND CONCLUSION 

 
By direct visualization of the clusters throughout the nucleation process, we have measured 

the evolution of crystalline order for the ensemble of clusters and separately for the “successful” 
clusters, which eventually grew to large size and survived for the duration of our experiments.  In 

samples with intermediate area fractions (roughly, 20%  η  34%), nucleation proceeded in 
two steps: liquid first, then solid.  From the distribution of liquid-cluster sizes, we measured the 
cluster free energies.  By comparing the first of these two nucleation steps to the classical model 

for nucleation of a liquid in gas, we determine which samples have Δμg-l < 0, which must lie 
within the (metastable) g-l coexistence region.  Combining this data with the observed 
mesoscopic-scale structure of the 17% and 55% samples (Fig. 11), we conjecture that the 
samples are arranged in a phase diagram as shown in Fig. 15(a).  The sample that had the largest 

size for cross-over from liquid to solid had η = 30%, which we assume lies near the metastable 
critical point.  Computer simulations of two-dimensional systems with short-range attraction 

provide an estimate the g-l critical area fraction: ηc ≈ 40% in 2D [51].   Possibly the critical ηc in 
our experiments is lower than in the simulations, or the effect of the metastable critical point 
extends over a fairly broad region of phase space.  Previous experiments with short-range 

depletion attraction in dilute samples (η = 2% in two dimensions [53], and 16% in 2D [54]) 
showed nucleation of crystals after a shallow quench, which appears consistent with our reported 
classical nucleation at 17%.  These prior experiments, however, found that amorphous diffusion-
limited structures appeared after a deeper quench.  In addition, Hobbie also reported amorphous 

gel structures in samples with η > 20%, with no crystals even after several hours [24].  These 
results are contrary to our results, since crystals eventually form in all of our samples.  The 
difference in behavior might arise from difference in range of the potential (7% of the diameter 
for [24]), salt concentration (stability against van der Waals aggregation), or polydispersity of the 
particle size. 
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To explain in general terms why samples undergo two-step nucleation, we return to the free-
energy measurements of Figs 10 and 12.  Monitoring the size of crystalline clusters led to a 
measurement of the gas-crystal line tension that was approximately 50% greater than the gas-
liquid line tension.  The different might arise from the difference in symmetry in the g-s case.  If 

we were to plot the free energy ΔF of a nucleating cluster, we would find something like the 
schematic shown in Fig. 15(b), with a minimum-free-energy path that switches from the fluid 
branch to the crystal branch at a size that is larger than the critical size of a crystalline cluster.  
Qualitatively, this curve describes the behavior of the samples with intermediate area fraction 
(20-34%): in these samples once the cluster crystallized, it grew; crystalline clusters rarely broke 
apart.  The absence of the two-step mechanism in the 17% sample might be explained by the 

relatively large and positive Δμl-g, which would make fluid clusters too energetically costly.  
Further studies of the line tensions in various regions of the phase diagram are in progress. 

In two-dimensional systems of spheres (or discs), the optimal short-range packing (hexagonal) 
is the same as the crystal packing [51].  This explains why crystallization occurred rapidly in our 
samples once the crystallites were energetically favorable.  In three dimensions, the locally 
optimal packing is incommensurate with the crystal and crystallization might be slowed [5,55] so 
that the effect of two-step nucleation on the nucleation rate might be more dramatic. In this case, 
the fluid clusters might grow to even larger size before ordering, or alternatively they might 
become trapped in a disordered gel or glass [8,53].  In three dimensions, multi-step nucleation is 
also expected to be relevant among atoms and molecules with long-range interactions below the 
triple point [6,14,19,21,39,56].   

 
Figure 15. (a) Illustration of the conjectured phase diagram based on the reported behavior of the samples 
discussed here.  (The plot symbols are the same as those used in Fig. 10.)  (b) A schematic plot of the 
conjectured free energies for nucleating a crystalline cluster or a liquid droplet in a gas at moderate area 
fraction η.  Because the crystal has larger line tension, it has a steeper curve at small size N.  Hence, a liquid 
cluster is more readily formed even if it has positive Δμ.  The heavy solid curve shows the optimal trajectory.  
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